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ABSTRACT
As an alternative procedure to the current methods which con-
sider only the mean values of shape features to globally char-
acterize a candidate shape polyps, probability density func-
tions (PDFs) of some feature variables constructed based on
Gaussian and mean curvatures are used to characterize the
global shape of a candidate lesion. The decision on whether
or not this candidate lesion is a polyp is made by comparing
the density functions of the considered shape feature variables
to reference PDFs of the same variables obtained from a pre-
constructed polyp/non polyp data base. The Kullback-Leibler
divergence is used as a dissimilarity measure to compare these
PDFs and make a decision based on closeness. Experiments
carried out on real data are used to illustrate the effectiveness
of the proposed method in comparison to existing ones.

Index Terms— Image Shape Analysis, Probability Mea-
sures

1. INTRODUCTION

Colorectal carcinoma or colon cancer is the second leading
cause of cancer deaths in Australia, with approximately 4700
deaths each year [1].
Studies so far have shown that this type of cancer of-

ten arises from pre-existent adenomatous polyps-an abnor-
mal growth of tissue. These polyps are believed to proceed
through a genetic alteration stage in which small adenomas
(<5mm) grow into large adenomas (>10mm), then into non
invasive carcinoma and finally invasive carcinoma. The time
taken for these small adenomas to develop into terminal stage
cancer is 10-15 years on average, and a study has shown that
early removal of colonic polyps resulted in a decline in mor-
tality of about 76-90% [2].
For this reason, checking for precancerous or cancerous

cells in the colon is highly recommended. Computed To-
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mographic (CT) Colonography is a recent, non-invasive tech-
nique that produces cross-sectional CT data scans which can
be used to reconstruct volumetric colonic data of the patient
for further processing and analysis. Several computer-aided
diagnosis (CAD) systems have been developed to aid the de-
tection of these adenomatous polyps in order to be removed
in the early stage. However, polyp detection is a challeng-
ing process because they come in various shapes and sizes.
In addition, residual materials and folds in the colonic wall
may also resemble polyps and it is therefore important to use
proper shape measures to detect these polyps.
In [3], [4] and [5], polyp candidates are detected by com-

putation of 3-D geometric shape features such as curvedness
and volumetric shape index based on the curvature charac-
teristics at each voxel of the colon volume or vertex of the
colon surface. These methods demonstrate acceptable sensi-
tivity and moderate specificity by only using the mean value
as a global shape characteristic. However, solely using the
first or second moment to characterize a distribution is not
efficient, as two Gaussian densities can have the same first
moment but different second moment. It is also difficult to
select a good threshold based only on a small polyp database.
Therefore we predict that better global shape characteristics
than the first and second moments will improve the specificity
and sensitivity of polyp detection procedures. For this reason,
we propose to use instead the probability density functions
(PDFs) of the 3-D geometric shape features approximated by
normalized histograms as an efficient global characteristic or
a unique signature for a candidate polyp shape in this paper.
PDFs have been used to describe the global geometric prop-
erties and signature of an object [6]. The problem is reduced
to the comparison of two PDFs and is relatively simple to
implement compared to the traditional shape matching meth-
ods of pose registration, parameterization, feature correspon-
dence, template matching and model fitting. In this paper, the
measure of how close the normalized histograms are is then
computed using the Kullback-Leibler (K-L) divergence.
The rest of the paper is organized as follows. In the next

section we review the 3-D geometric shape features used in
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this paper, describe the construction of the PDFs and pro-
pose a comparison technique. Section 3 illustrates the per-
formance of the proposed method in polyp detection in com-
parison to another existing method employing only the mean
values. Concluding remarks are given in Section 4.

2. METHOD

2.1. Computation of 3-D Geometric Features

3-D geometric shape features that characterize polyp and non
polyp lesions first need to be selected and computed in order
to identify the lesions in the later stage. In [7], the D1 PDF
constructed using distances between a fixed point and one ran-
dom point on the surface described in [6] has been used with
good results for polyps greater than 10mm in diameter. In this
paper, Gaussian and mean curvature values computed from
the surface of the lesion are used instead. Surface curvature
values can better measure the shape characteristics of a local
patch at a point which can then be used to distinguish between
the different lesions (cylindrical folds, spherical polyps, etc)
than the D1 measure. While the D1 measure also requires an
extra normalizing step to ensure scale invariance, the range
and sign of curvature values that are used in our method can
be predicted for similar shapes regardless of the lesion size.
Gaussian and mean curvature values are two important

notions of describing the local curvature of a surface at a
point, the former being an intrinsic property of a surface and
is a measure of the spherical spread of surface normals, while
the latter an extrinsic property and is a measure of the average
of dihedral angles [8]. These values at each vertex are esti-
mated via the Gauss-Bonnet scheme described in [9]. Then
the computations of the Gaussian, K and mean, H curvatures
at a vertex p respectively are given by

K(p) =
2π −∑n−1

i=0 αi

1
3A

(1)

whereK is assumed to be constant in the local neighborhood
of a vertex p and its immediate 0 to n − 1 neighbors, αi are
the internal angles between two successive neighboring edges
and A is the accumulated areas of the neighboring triangles
(Δp

i ) as shown in Figure 1(a), and

H(p) =
1
4

∑n−1
i=0 ‖ ei ‖ βi

1
3A

(2)

where ‖ ei ‖ denotes the magnitude of ei and βi measures
deviations from the normal vectors of two neighbors using
βi = � (Np

i , Np
i+1) as shown in Figure 1(b).

The two principal curvatures associated with vertex p,
k1(p) and k2(p) can then be calculated using [3]

k1(p) = H(p) +
√

H2(p)−K(p) (3)

(a) Angles αi and areasΔp
i (b) Edges ei and normals Np

i

Fig. 1. Notations for surface curvature estimation via the
Gauss-Bonnet scheme.

k2(p) = H(p)−
√

H2(p)−K(p) (4)

Based on these principal curvature values, the shape index
SI, which is a measure of the shape of the local neighborhood
at a vertex, the curvedness CV, a measure of the size of that
particular shape at each vertex p and the sphericity ratio SR,
a measure of uniformity of the polyp shape can be computed
as described in [3] and [5]

SI(p) =
1
2
− 1

π
arctan

k1(p) + k2(p)
k1(p)− k2(p)

(5)

CV (p) =

√
k1(p)2 + k2(p)2

2
(6)

SR(p) = | (k2(p)− k1(p)
H(p)

| (7)

Each distinct shape class can be described by a unique
value of SI. [3] describes the relationship of shapes and their
corresponding shape indices, for example an SI of 1 cor-
responds to the cup shaped isosurface that often describe
colonic polyps and an SI of 0.75 corresponds to the rut shape
that often describe cylindrical folds in the colon. Perfect
planes however, have an indeterminate SI due to zero-valued
principal curvatures and are neglected in our computations.
Since we are only interested in the detection of spherical
polyps, this is considered a reasonable concession.

2.2. Colon Wall Extraction

Typical CT colonography datasets usually consists of between
200-350 axial CT scans in a 512 x 512 matrix. These are
linearly interpolated and the colonic region was segmented
from the colon CT volume dataset using a -700HU threshold
known to correspond to the air filled regions within the colon.
Next a polygonal mesh of the colon wall surface was extracted
using the marching cubes algorithm and smoothed using a
Gaussian filter with a radius of 1 voxel and standard devia-
tion of 0.5 voxels. No decimation was performed and this
entire mesh usually comprises between 800,000 to 1,000,000
polygonal vertices. This entire process was implemented in
C++ using the Insight Toolkit (ITK) and Visualization Toolkit
(VTK) libraries.
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2.3. Construction of Reference PDFs

As in [5] and [10], regions that belong to the elliptic class of
the peak subtype - K(p) > 0 and H(p) < 0 are detected
and clusters which have more than 80 vertices satisfying this
criteria are marked as candidate lesions to filter out isolated
vertices. This arbitrary low value was chosen as all polyps
covered a larger area than these 80 vertices and this assump-
tion was valid in all our experiments. Next, instead of using
the mean values of the 3-D features described in Section 2.1 to
globally characterize the shape of a candidate polyp, normal-
ized histograms of K, H, k1, k2, SI, CV and SR from >10
typical polyp/non polyp regions are used in this paper to ap-
proximate reference PDFs of these shape features over the en-
tire candidate lesion. As the regions detected are on average
only 80-500 vertices, all shape feature values of all vertices
from these polyp/non polyp regions are used to construct his-
tograms by counting how many vertex shape feature values
fall into a certain bin. These values are then normalized to
construct a reference PDF for that lesion-polyp/non polyp.
The highlighted regions in Figure 2 show the areas that

fall into the elliptic class of the peak subtype detected by our
CAD system. Note that these regions were cropped from the
original colon surface for ease of view. Since the non polyp
regions detected can assume a variety of forms with differing
shape features-large folds, narrow folds and semi-flat regions
as shown in Figure 2, we construct individual reference PDFs
for each lesion type. An example of a polyp and narrow fold
reference PDF set is shown in Figures 3 and 4. An example
of the reference PDFs constructed using the mean curvatures
only of the each region is given in Figure 5. It is noted that the
narrow folds and semi-planar regions have also very distinct
PDFs from the polyp regions as they are generally more noisy,
have multiple peaks and an irregularity in shape, whilst it is
more difficult to distinguish between the polyp and large fold
regions just by looking at their PDFs.

2.4. Comparison of Shape Distributions

We ran a test of dissimilarity using the K-L divergence to
measure the difference between a reference PDF P con-
structed in Section 2.2 to a new PDF Q constructed using
shape feature values from the vertices of a new detected
candidate lesion. The K-L divergence is then defined to be

Dkl(P ‖ Q) =
∑

i

p(i)log
p(i)
q(i)

(8)

For each new candidate lesion, The K-L divergence of this
PDF to the reference PDFs constructed earlier in Section 2.2
was computed and if the distance to a polyp reference PDF
was smaller, the lesion was marked as a true polyp.

3. EXPERIMENTAL RESULTS

Tests were performed on 117 cropped 32x32x32 voxel colon
regions obtained from actual colon datasets. Sensitivity and

(a) Polyp Regions (b) Large Fold Regions

(c) Narrow Fold Regions (d) Semi-Planar Regions

Fig. 2. Polyp and non polyp regions.Candidate regions that
belong to the elliptic class of the peak subtype have been high-
lighted.

specificity percentages were calculated using

Sensitivity =
TruePositives

TruePositives + FalsePositives
× 100 (9)

Specificity =
TrueNegatives

FalsePositives + TrueNegatives
×100 (10)

Table 1 shows the sensitivity and specificity results ob-
tained for each 3-D geometric shape feature computed with
our method. Table 2 shows the sensitivity and specificity re-
sults obtained by taking means of the same shape features
from the same database and using these as thresholds to de-
tect polyps. Based on these results we have found that the
new method employing the PDFs of H, k2 and CV have bet-
ter sensitivity compared to the method of taking mean values
and shows better specificity values for all shape features.

Feature H k2 CV
Sensitivity 82% 82% 89%
Specificity 72% 70% 71%

Table 1. Sensitivity and specificity using PDFs.

4. CONCLUSIONS AND FURTHERWORK

In this paper, instead of using characteristics of a set of shape
features like the mean of the Gaussian curvature or the mean
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(a) (b) (c) (d)

(e) (f) (g)

Fig. 3. PDFs constructed for our polyp database using the
values of (a) K (b) H (c) k1 (d) k2 (e) SI (f) CV and (g) SR

(a) (b) (c) (d)

(e) (f) (g)

Fig. 4. PDFs constructed for a narrow fold non polyp database
using the values of (a) K (b) H (c) k1 (d) k2 (e) SI (f) CV and
(g) SR

of the shape index over a number of voxels from a specific
region of the colon, namely a candidate polyp, we have used
the PDFs of these shape features to globally characterize a
candidate polyp. The decision on whether or not this candi-
date lesion is a polyp was made by comparing the PDFs using
the K-L divergence of the considered shape feature values to
reference PDFs of the same feature values obtained from a
polyp/non polyp data base. Our experimental results show
that the proposed method provides better performance for the
shape features H, k2 and CV than existing methods that only
use the mean values of a set of features.

Further work also needs to be done as a measure of devi-
ation from smoothness using the values of H, k2 and CV to
discriminate between polyps and non polyps as we have found
these to be most characteristic of the shape of the lesion.

Feature H k2 CV
Sensitivity 63% 53% 47%
Specificity 44% 50% 42%

Table 2. Sensitivity and specificity using mean values.

(a) (b) (c) (d)

Fig. 5. PDFs constructed using mean curvature values for (a)
Polyp (b) Narrow Fold (c) Large Fold (d) Semi-Planar
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